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Abstract. Let f (λ) =
∑∞
n=0 anλ
n be a function defined by
power series with complex coefficients and convergent on the open
disk D (0, R) ⊂ C, R > 0. In this paper we show amongst other
that, if α, z ∈ C are such that |α| , |α| |z|2 < R, then∣∣f (α) f (αz2)− f2 (αz)∣∣ ≤ fA (|α|) fA (|α| |z|2)− |fA (|α| z)|2 .
where fA (z) =
∑∞
n=0 |αn| zn.
Applications for some fundamental functions defined by power
series are also provided.
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1. Introduction
If we consider an analytic function f (z) defined by the power series∑∞
n=0 anz
n with complex coefficients an and apply the well-known Cauchy-
Bunyakovsky-Schwarz (CBS) inequality
(1)
∣∣∣∣∣∣
n∑
j=1
ajbj
∣∣∣∣∣∣
2
≤
n∑
j=1
|aj |2
n∑
j=1
|bj |2 ,
holding for the complex numbers aj , bj , j ∈ {1, . . . , n} , then we can deduce
that
(2) |f (z)|2 =
∣∣∣∣∣
∞∑
n=0
anz
n
∣∣∣∣∣
2
≤
∞∑
n=0
|an|2
∞∑
n=0
|z|2n = 1
1− |z|2
∞∑
n=0
|an|2
for any z ∈ D (0, R) ∩D (0, 1) , where R is the radius of convergence of f .
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The above inequality gives some information about the magnitude of the
function f provided that numerical series
∑∞
n=0 |an|2 is convergent and z is
not too close to the boundary of the open disk D (0, 1).
If we restrict ourselves more and assume that the coefficients in the rep-
resentation f (z) =
∑∞
n=0 anz
n are nonnegative, and the assumption incor-
porates various examples of complex functions that will be indicated in the
sequel, on utilizing the weighted version of the CBS-inequality, namely
(3)
∣∣∣∣∣∣
n∑
j=1
wjajbj
∣∣∣∣∣∣
2
≤
n∑
j=1
wj |aj |2
n∑
j=1
wj |bj |2 ,
where wj ≥ 0, while aj , bj ∈ C, j ∈ {1, . . . , n}, we can state that
|f (zw)|2 =
∣∣∣∣∣
∞∑
n=0
anz
nwn
∣∣∣∣∣
2
≤
∞∑
n=0
an |z|2n
∞∑
n=0
an |w|2n(4)
= f
(
|z|2
)
f
(
|w|2
)
for any z, w ∈ C with |z|2 , |w|2 ∈ D (0, R).
In an effort to provide a refinement for the celebrated Cauchy-Bunyakovsky
-Schwarz inequality for complex numbers (1) de Bruijn established in 1960,
[2] (see also [8, p. 89] or [3, p. 48]) the following result:
Lemma 1 (de Bruijn, 1960). If b = (b1, . . . , bn) is an n-tuple of real
numbers and z = (z1, . . . , zn) an n-tuple of complex numbers, then
(5)
∣∣∣∣∣
n∑
k=1
bkzk
∣∣∣∣∣
2
≤ 1
2
n∑
k=1
b2k
[
n∑
k=1
|zk|2 +
∣∣∣∣∣
n∑
k=1
z2k
∣∣∣∣∣
]
.
Equality holds in (5) if and only if for k ∈ {1, . . . , n}, bk = Re (λzk), where
λ is a complex number such that the quantity λ2
∑n
k=1 z
2
k is a nonnegative
real number.
On utilizing this result, Cerone & Dragomir established in [1] some in-
equalities for power series with nonnegative coefficients as follows:
Theorem 1 (Cerone & Dragomir, 2007 [1]). Let f (z) :=
∑∞
n=0 anz
n be
an analytic function defined by a power series with nonnegative coefficients
an, n ∈ N and convergent on the open disk D (0, R) ⊂ C, R > 0. If a is a
real number and z a complex number such that a2, |z|2 ∈ D (0, R) , then:
(6) |f (az)|2 ≤ 1
2
f
(
a2
) [
f
(
|z|2
)
+
∣∣f (z2)∣∣] .
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For other similar results and applications for special functions see the
research papers [1], [4]-[6] and the survey [7].
2. The results
Denote by:
D(0, R) =
{ {z ∈ C : |z| < R}, if R <∞
C, if R =∞,
and consider the functions:
λ 7→ f(λ) : D(0, R)→ C, f(λ) :=
∞∑
n=0
αnλ
n
and
λ 7→ fA(λ) : D(0, R)→ C, fA(λ) :=
∞∑
n=0
|αn|λn.
As some natural examples that are useful for applications, we can point
out that, if
f (λ) =
∞∑
n=1
(−1)n
n
λn = ln
1
1 + λ
, λ ∈ D (0, 1) ;(7)
g (λ) =
∞∑
n=0
(−1)n
(2n)!
λ2n = cosλ, λ ∈ C;
h (λ) =
∞∑
n=0
(−1)n
(2n+ 1)!
λ2n+1 = sinλ, λ ∈ C;
l (λ) =
∞∑
n=0
(−1)n λn = 1
1 + λ
, λ ∈ D (0, 1) ;
then the corresponding functions constructed by the use of the absolute
values of the coefficients are
fA (λ) =
∞∑
n=1
1
n
λn = ln
1
1− λ, λ ∈ D (0, 1) ;(8)
gA (λ) =
∞∑
n=0
1
(2n)!
λ2n = coshλ, λ ∈ C;
hA (λ) =
∞∑
n=0
1
(2n+ 1)!
λ2n+1 = sinhλ, λ ∈ C;
lA (λ) =
∞∑
n=0
λn =
1
1− λ, λ ∈ D (0, 1) .
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Other important examples of functions as power series representations with
nonnegative coefficients are:
exp (λ) =
∞∑
n=0
1
n!
λn, λ ∈ C,(9)
1
2
ln
(
1 + λ
1− λ
)
=
∞∑
n=1
1
2n− 1λ
2n−1, λ ∈ D (0, 1) ;
sin−1 (λ) =
∞∑
n=0
Γ
(
n+ 12
)
√
pi (2n+ 1)n!
λ2n+1, λ ∈ D (0, 1) ;
tanh−1 (λ) =
∞∑
n=1
1
2n− 1λ
2n−1, λ ∈ D (0, 1)
2F1 (α, β, γ, λ) =
∞∑
n=0
Γ (n+ α) Γ (n+ β) Γ (γ)
n!Γ (α) Γ (β) Γ (n+ γ)
λn, α, β, γ > 0,
λ ∈ D (0, 1) ;
where Γ is Gamma function.
The following result holds:
Theorem 2. Let f (λ) =
∑∞
n=0 anλ
n be a function defined by power
series with complex coefficients and convergent on the open disk D (0, R) ⊂
C, R > 0. If α, z ∈ C are such that |α| , |α| |z|2 < R, then
(10)
∣∣f (α) f (αz2)− f2 (αz)∣∣ ≤ fA (|α|) fA (|α| |z|2)− |fA (|α| z)|2 .
Proof. Let n ≥ 1. Observe that
n∑
j=0
n∑
k=0
ajakα
jαk
(
zj − zk
)2
=
n∑
j=0
n∑
k=0
ajakα
jαk
(
z2j − 2zjzk + z2k
)
=
n∑
j=0
ajα
jz2j
n∑
k=0
akα
k +
n∑
j=0
ajα
j
n∑
k=0
akα
kz2k
− 2
n∑
j=0
ajα
jzj
n∑
k=0
akα
kzk
= 2
 n∑
j=0
ajα
j
n∑
j=0
ajα
jz2j −
 n∑
j=0
ajα
jzj
2 ,
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which gives us the useful identity
n∑
j=0
ajα
j
n∑
j=0
ajα
jz2j −
 n∑
j=0
ajα
jzj
2(11)
=
1
2
n∑
j=0
n∑
k=0
ajakα
jαk
(
zj − zk
)2
for any α, z ∈ C and n ≥ 1.
Taking the modulus in (11) and utilizing the generalized triangle inequal-
ity we have∣∣∣∣∣∣
n∑
j=0
ajα
j
n∑
j=0
ajα
jz2j −
 n∑
j=0
ajα
jzj
2∣∣∣∣∣∣(12)
≤ 1
2
n∑
j=0
n∑
k=0
|aj | |ak| |α|j |α|k
∣∣∣zj − zk∣∣∣2
=
1
2
n∑
j=0
n∑
k=0
|aj | |ak| |α|j |α|k
[
|z|2j − 2Re
(
zj z¯k
)
+ |z|2k
]
=
1
2
n∑
j=0
n∑
k=0
|aj | |ak| |α|j |α|k |z|2j
+
1
2
n∑
j=0
n∑
k=0
|aj | |ak| |α|j |α|k |z|2k
−
n∑
j=0
n∑
k=0
|aj | |ak| |α|j |α|k Re
(
zj z¯k
)
.
Observe that
n∑
j=0
n∑
k=0
|aj | |ak| |α|j |α|k |z|2j =
n∑
j=0
n∑
k=0
|aj | |ak| |α|j |α|k |z|2k(13)
=
n∑
j=0
|aj | |α|j
n∑
j=0
|aj | |α|j |z|2j
and
n∑
j=0
n∑
k=0
|aj | |ak| |α|j |α|k Re
(
zj z¯k
)
(14)
= Re
 n∑
j=0
|aj | |α|j zj
n∑
k=0
|ak| |α|k z¯k

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= Re
 n∑
j=0
|aj | |α|j zj
n∑
j=0
|aj | |α|j zj
 =
∣∣∣∣∣∣
n∑
j=0
|aj | |α|j zj
∣∣∣∣∣∣
2
.
Making use of (12)-(14) we get∣∣∣∣∣∣
n∑
j=0
ajα
j
n∑
j=0
ajα
jz2j −
 n∑
j=0
ajα
jzj
2∣∣∣∣∣∣(15)
≤
n∑
j=0
|aj | |α|j
n∑
j=0
|aj | |α|j |z|2j −
∣∣∣∣∣∣
n∑
j=0
|aj | |α|j zj
∣∣∣∣∣∣
2
for any α, z ∈ C and n ≥ 1.
Since all series whose partial sums involved in the inequality (15) are con-
vergent, then by letting n→∞ in (15) we deduce the desired result (10). 
Remark 1. If f (λ) =
∑∞
n=0 anλ
n is a function defined by power series
with nonnegative coefficients and convergent on the open disk D (0, R) ⊂ C,
R > 0, then
(16)
∣∣f (α) f (αz2)− f2 (αz)∣∣ ≤ f (|α|) f (|α| |z|2)− |f (|α| z)|2
for α, z ∈ C with |α| , |α| |z|2 < R.
Corollary 1. Let f (λ) =
∑∞
n=0 anλ
n be a function defined by power
series with complex coefficients and convergent on the open disk D (0, R) ⊂
C, R > 0. If x, y ∈ C are such that |x|2 , |y|2 < R, then
(17)
∣∣f (x2) f (y2)− f2 (xy)∣∣ ≤ fA (|x|2) fA (|y|2)− |fA (x¯y)|2
and
(18)
∣∣f (x2) f (σ2 (x) y2)− f2 (σ (x)xy)∣∣ ≤ fA (|x|2) fA (|y|2)−|fA (xy)|2
where σ (x) := xx¯ is the ”sign” of the complex number x 6= 0.
Proof. If we take in (10) α = x2 and z = yx , then we have
(19)
∣∣f (x2) f (y2)− f2 (xy)∣∣ ≤ fA (|x|2) fA (|y|2)− ∣∣∣fA (|x|2 y
x
)∣∣∣2 ,
which is equivalent to (17).
If we take in (10) α = x2 and z = yx¯ , then we have∣∣∣∣f (x2) f (x2 (yx¯)2
)
− f2
(
x2
y
x¯
)∣∣∣∣ ≤ fA (|x|2) fA (|y|2)− |fA (xy)|2 ,
which is equivalent to (18). 
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Remark 2. If a ∈ R and y ∈ C are such that a2, |y|2 < R, then
(20)
∣∣f (a2) f (y2)− f2 (ay)∣∣ ≤ fA (a2) fA (|y|2)− |fA (ay)|2 .
In particular, if the power series is with nonnegative coefficients, then
(21)
∣∣f (a2) f (y2)− f2 (ay)∣∣ ≤ f (a2) f (|y|2)− |f (ay)|2
for a ∈ R and y ∈ C such that a2, |y|2 < R.
We also remark that, since
|f (ay)|2 − f (a2) f (y2) ≤ ∣∣f (a2) f (y2)− f2 (ay)∣∣ ,
then by (21) we get
|f (ay)|2 − f (a2) f (y2) ≤ f (a2) f (|y|2)− |f (ay)|2 ,
which is equivalent to Cerone-Dragomir’s result
|f (ay)|2 ≤ 1
2
f
(
a2
) [
f
(
|y|2
)
+
∣∣f (y2)∣∣] ,
where a ∈ R and y ∈ C such that a2, |y|2 < R.
The following result also holds:
Theorem 3. Let f (λ) =
∑∞
n=0 anλ
n be a function defined by power
series with complex coefficients and convergent on the open disk D (0, R) ⊂
C, R > 0. If α, z ∈ C are such that |α| , |α| |z|2 < R, then∣∣∣f (α |z|2) f (α)− f (αz) f (αz)∣∣∣2(22)
≤ fA
(
|α| |z|2
) [
fA
(
|α| |z|2
)
|f (α)|2 + |f (αz)|2 fA (|α|)
− 2 |f (α)|2 Re
(
fA (|α| z) (f (αz) /f (α))
)]
.
Proof. Let n ≥ 1. Observe that
(23)
n∑
j=0
ajα
j
(
zj − f (αz)
f (α)
)
z¯j =
n∑
j=0
ajα
j |z|2j − f (αx)
f (α)
n∑
j=0
ajα
j z¯j
for any α, z ∈ C.
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Taking the modulus in (23) and utilizing the generalized triangle inequal-
ity we get ∣∣∣∣∣∣
n∑
j=0
ajα
j |z|2j − f (αz)
f (α)
n∑
j=0
ajα
j z¯j
∣∣∣∣∣∣(24)
≤
n∑
j=0
|aj | |α|j
(∣∣∣∣zj − f (αz)f (α)
∣∣∣∣) |z|j
for any α, z ∈ C.
Making use of the weighted discrete Cauchy-Bunyakovsky-Schwarz in-
equality we have
n∑
j=0
|aj | |α|j
(∣∣∣∣zj − f (αz)f (α)
∣∣∣∣) |z|j(25)
≤
 n∑
j=0
|aj | |α|j |z|2j
1/2  n∑
j=0
|aj | |α|j
∣∣∣∣zj − f (αz)f (α)
∣∣∣∣2
1/2
for any α, z ∈ C.
We also have
n∑
j=0
|aj | |α|j
∣∣∣∣zj − f (αz)f (α)
∣∣∣∣2(26)
=
n∑
j=0
|aj | |α|j
[
|z|2j − 2Re
(
zj
(
f (αz)
f (α)
))
+
∣∣∣∣f (αz)f (α)
∣∣∣∣2
]
=
n∑
j=0
|aj | |α|j |z|2j − 2Re
 n∑
j=0
|aj | |α|j zj
(
f (αz)
f (α)
)
+
∣∣∣∣f (αz)f (α)
∣∣∣∣2 n∑
j=0
|aj | |α|j
for any α, z ∈ C.
By (24)-(26) we get∣∣∣∣∣∣
n∑
j=0
ajα
j |z|2j − f (αz)
f (α)
n∑
j=0
ajα
j z¯j
∣∣∣∣∣∣(27)
≤
 n∑
j=0
|aj | |α|j |z|2j
1/2  n∑
j=0
|aj | |α|j |z|2j
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− 2Re
(f (αz)
f (α)
) n∑
j=0
|aj | |α|j zj
+ ∣∣∣∣f (αz)f (α)
∣∣∣∣2 n∑
j=0
|aj | |α|j
1/2
for any α, z ∈ C.
Since all series whose partial sums involved in the inequality (27) are
convergent, then by letting n→∞ in (27) we deduce∣∣∣∣f (α |z|2)− f (αz) f (αz)f (α)
∣∣∣∣ ≤ [fA (|α| |z|2)]1/2
×
[
fA
(
|α| |z|2
)
− 2Re
(
fA (|α| z)
(
f (αz)
f (α)
))
+
∣∣∣∣f (αz)f (α)
∣∣∣∣2 fA (|α|)
]1/2
,
which is equivalent to the desired result (22). 
Corollary 2. Let f (λ) =
∑∞
n=0 anλ
n be a function defined by power
series with complex coefficients and convergent on the open disk D (0, R) ⊂
C, R > 0. If x, y ∈ C are such that |x|2 , |y|2 < R, then∣∣∣f (σ (x) |y|2) f (x2)− f (xy) f (σ (x)xy)∣∣∣2(28)
≤ fA
(
|y|2
) [
fA
(
|y|2
) ∣∣f (x2)∣∣2 + |f (xy)|2 fA (∣∣x2∣∣)
− 2 ∣∣f (x2)∣∣2 Re(fA (xy) (f (xy) /f (x2)))] .
Proof. If we take in (22) α = x2 and z = yx , then we have∣∣∣∣f (x2 ∣∣∣yx ∣∣∣2
)
f
(
x2
)− f (x2 y
x
)
f
(
x2
y
x¯
)∣∣∣∣2
≤ fA
(∣∣x2∣∣ ∣∣∣y
x
∣∣∣2)[fA(∣∣x2∣∣ ∣∣∣y
x
∣∣∣2) ∣∣f (x2)∣∣2
− 2 ∣∣f (x2)∣∣Re
fA (∣∣x2∣∣ y
x
)(f (x2 yx)
f (x2)
)
+
∣∣∣f (x2 y
x
)∣∣∣2 fA (∣∣x2∣∣)] ,
which is equivalent to (28). 
We have the following result:
Theorem 4. Assume that f (λ) =
∑∞
n=0 anλ
n (a0 6= 0) is a function
defined by power series with nonnegative coefficients and convergent on the
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open disk D (0, R) ⊂ C, R > 0. If x ∈ R with 0 ≤ x ≤ 1 and 0 ≤ α < R,
then
(29) 0 ≤ f (α) f (αx2)− f2 (αx) ≤ 1
4
f2 (α) .
Proof. Let n ≥ 1. Observe that
n∑
j=0
ajα
j
(
xj − f (αx)
f (α)
)(
xj − 1
2
)
(30)
=
n∑
j=0
ajα
jx2j − f (αx)
f (α)
n∑
j=0
ajα
jxj − 1
2
n∑
j=0
ajα
j
(
xj − f (αx)
f (α)
)
for any α, x ∈ R.
Taking the modulus and utilizing the triangle inequality we have∣∣∣∣∣∣
n∑
j=0
ajα
jx2j − f (αx)
f (α)
n∑
j=0
ajα
jxj − 1
2
n∑
j=0
ajα
j
(
xj − f (αx)
f (α)
)∣∣∣∣∣∣(31)
≤
n∑
j=0
ajα
j
∣∣∣∣xj − f (αx)f (α)
∣∣∣∣ ∣∣∣∣xj − 12
∣∣∣∣
for any α, x ∈ R.
Since 0 ≤ x ≤ 1, then 0 ≤ xj ≤ 1 for j ∈ {0, ..., n} , which implies that∣∣∣∣xj − 12
∣∣∣∣ ≤ 12 for j ∈ {0, ..., n} .
Then by (31) we get∣∣∣∣∣∣
n∑
j=0
ajα
jx2j − f (αx)
f (α)
n∑
j=0
ajα
jxj − 1
2
n∑
j=0
ajα
j
(
xj − f (αx)
f (α)
)∣∣∣∣∣∣(32)
≤ 1
2
n∑
j=0
ajα
j
∣∣∣∣xj − f (αx)f (α)
∣∣∣∣
for 0 ≤ x ≤ 1 and n ≥ 1.
Utilising the weighted discrete Cauchy-Bunyakovsky-Schwarz inequality,
we have
(33)
n∑
j=0
ajα
j
∣∣∣∣xj − f (αx)f (α)
∣∣∣∣ ≤
 n∑
j=0
ajα
j
(
xj − f (αx)
f (α)
)21/2 n∑
j=0
ajα
j
1/2.
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Observe that
n∑
j=0
ajα
j
(
xj − f (αx)
f (α)
)2
(34)
=
n∑
j=0
ajα
j
[
x2j − 2
(
xj
f (αx)
f (α)
)
+
f2 (αx)
f2 (α)
]
=
n∑
j=0
ajα
jx2j − 2
f (αx)
f (α)
n∑
j=0
ajα
jxj
+ f2 (αx)
f2 (α)
n∑
j=0
ajα
j .
From (31)-(34) we can state that∣∣∣∣∣∣
n∑
j=0
ajα
jx2j − f (αx)
f (α)
n∑
j=0
ajα
jxj − 1
2
n∑
j=0
ajα
j
(
xj − f (αx)
f (α)
)∣∣∣∣∣∣(35)
≤ 1
2
 n∑
j=0
ajα
j
1/2  n∑
j=0
ajα
jx2j
− 2
f (αx)
f (α)
n∑
j=0
ajα
jxj
+ f2 (αx)
f2 (α)
n∑
j=0
ajα
j
1/2
for any 0 ≤ x ≤ 1 and n ≥ 1.
Since all series whose partial sums involved in the inequality (35) are
convergent, then by letting n→∞ in (35) we deduce∣∣∣∣f (αx2)− f (αx)f (α) f (αx)
∣∣∣∣
≤ 1
2
[f (α)]1/2
[
f
(
αx2
)− 2(f (αx)
f (α)
f (αx)
)
+
f2 (αx)
f2 (α)
f (α)
]1/2
,
namely ∣∣∣∣f (αx2)− f2 (αx)f (α)
∣∣∣∣ ≤ 12 [f (α)]1/2
[
f
(
αx2
)− f2 (αx)
f (α)
]1/2
,
which is equivalent to the desired result (29). 
Corollary 3. Let f (λ) =
∑∞
n=0 anλ
n (a0 6= 0) be a function defined by
power series with nonnegative coefficients and convergent on the open disk
D (0, R) ⊂ C, R > 0. If u, v ∈ R with 0 ≤ u ≤ v and 0 < v2 < R, then
(36) 0 ≤ f (v2) f (u2)− f2 (uv) ≤ 1
4
f2
(
v2
)
.
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Proof. If we take in (29) α = v2 and x = uv , then we have the desired
inequality (36). 
3. Applications
If we write the above inequalities for the exponential function exp (λ) =∑∞
n=0
1
n!λ
n, λ ∈ C, then we have:∣∣exp [α (1 + z2)]− exp (2αz)∣∣(37)
≤ exp
[
|α|
(
1 + |z|2
)]
− |exp (2 |α| z)| , α, z ∈ C,
(38)
∣∣exp (x2 + y2)− exp (2xy)∣∣ ≤ exp(|x|2 + |y|2)− |exp (2x¯y)| ,
x, y ∈ C, ∣∣exp (x2 + σ2 (x) y2)− exp (2σ (x)xy)∣∣(39)
≤ exp
(
|x|2 + |y|2
)
− |exp (2xy)| , x, y ∈ C
and ∣∣∣exp [α(1 + |z|2)]− exp [2αRe (z)]∣∣∣2(40)
≤ exp
(
|α| |z|2
) [
exp
(
|α| |z|2
)
|exp (α)|2 + |exp (αz)|2 exp (|α|)
− 2 |exp (α)|2 Re (exp (|α| z + αz − α¯))
]
.
If we take α = 1 in (37), then we get
(41)
∣∣exp (1 + z2)− exp (2z)∣∣ ≤ exp(1 + |z|2)− |exp (2z)| , z ∈ C.
If we take α = 1 in (40), then we get(
exp
(
1 + |z|2
)
− exp [2Re (z)]
)2
(42)
≤ exp
(
|z|2 + 1
) [
exp
(
|z|2 + 1
)
+ |exp (z)|2 − 2 exp (2Re (z))
]
.
If x ∈ R with 0 ≤ x ≤ 1 and 0 ≤ α, then
(43) 0 ≤ exp (α (1 + x2))− exp (2αx) ≤ 1
4
exp (2α) .
If 0 ≤ u ≤ v, then
(44) 0 ≤ exp (v2 + u2)− exp (2uv) ≤ 1
4
exp
(
2v2
)
.
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If we write the above inequalities for the functions
∑∞
n=0 λ
n = 11−λ and∑∞
n=0 (−1)n λn = 11+λ , λ ∈ D (0, 1) , then we have∣∣∣(1± α)−1 (1± αz2)−1 − (1± αz)−2∣∣∣(45)
≤ (1− |α|)−1
(
1− |α| |z|2
)−1 − |1− |α| z|−2 , |α| , |α| |z|2 < 1,
∣∣∣(1± x2)−1 (1± y2)−1 − (1± xy)−2∣∣∣(46)
≤
(
1− |x|2
)−1 (
1− |y|2
)−1 − |1− x¯y|−2 , |x| , |y| < 1
and ∣∣∣(1± x2)−1 (1± σ2 (x) y2)−1 − (1± σ (x)xy)−2∣∣∣(47)
≤
(
1− |x|2
)−1 (
1− |y|2
)−1 − |1− xy|−2 , |x| , |y| < 1.
If u, v ∈ R with 0 ≤ u ≤ v < 1, then
(48) 0 ≤ (1− v2)−1 (1− u2)−1 − (1− uv)−2 ≤ 1
4
(
1− v2)−2 .
If we write the above inequalities for
∑∞
n=1
1
nλ
n = ln 11−λ and
∑∞
n=1
(−1)n
n λ
n
= ln 11+λ , λ ∈ D (0, 1), then we have∣∣∣∣ln (1± α)−1 ln (1± αz2)−1 − [ln (1± αz)−1]2∣∣∣∣(49)
≤ ln (1− |α|)−1 ln
(
1− |α| |z|2
)−1
−
∣∣∣ln (1− |α| z)−1∣∣∣2 , |α| , |α| |z|2 < 1,
∣∣∣∣ln (1± x2)−1 ln (1± y2)−1 − [ln (1± xy)−1]2∣∣∣∣(50)
≤ ln
(
1− |x|2
)−1
ln
(
1− |y|2
)−1 − ∣∣∣ln (1− x¯y)−1∣∣∣2 , |x| , |y| < 1
and ∣∣∣∣ln (1± x2)−1 ln (1± σ2 (x) y2)−1 − [ln (1± σ (x)xy)−1]2∣∣∣∣(51)
≤ ln
(
1− |x|2
)−1
ln
(
1− |y|2
)−1 − ∣∣∣ln (1− xy)−1∣∣∣2 , |x| , |y| < 1.
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If u, v ∈ R with 0 ≤ u ≤ v < 1, then
0 ≤ ln (1− v2)−1 ln (1− u2)−1 − [ln (1− uv)−1]2(52)
≤ 1
4
[
ln
(
1− v2)−1]2 .
The polylogarithm Lin (z) , also known as the de Jonquie`res function is
the function defined by
(53) Lin (z) :=
∞∑
k=1
zk
kn
defined in the complex plane over the unit disk D (0, 1) for all complex values
of the order n.
The special case z = 1 reduces to Lis (1) = ζ (s), where ζ is the Riemann
zeta function.
The polylogarithm of nonnegative integer order arises in the sums of the
form ∞∑
k=1
knrk = Li−n (r) =
1
(1− r)n+1
n∑
i=0
〈n
i
〉
kn−i
where
〈
n
i
〉
is an Eulerian number, namely, we recall that
〈n
k
〉
:=
k+1∑
j=0
(−1)j
(
n+ 1
i
)
(k − j + 1)n .
Polylogarithms also arise in sums of generalized harmonic numbers Hn,r as
∞∑
n=1
Hn,rz
n =
Lir (z)
1− z for z ∈ D (0, 1) ,
where, we recall that
Hn,r :=
n∑
k=1
1
kr
and Hn,1 := Hn =
n∑
k=1
1
k
.
Special forms of low-order polylogarithms include
Li−2 (z) =
z (z + 1)
(1− z)3 , Li−1 (z) =
z
(1− z)2 ,
Li0 (z) =
z
1− z and Li1 (z) = − ln (1− z) , z ∈ D (0, 1) .
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At argument z = −1, the general polylogarithms become Lix (−1) = −η (x),
where η (x) is the Dirichlet eta function.
If we use the inequality (16) for polylogarithm Lin (z) we can state that∣∣Lin (α)Lin (αz2)− Li2n (αz)∣∣(54)
≤ Lin (|α|)Lin
(
|α| |z|2
)
− |Lin (|α| z)|2
for α, z ∈ C with |α| , |z| < 1 and n is a negative or a positive integer.
If u, v ∈ R with 0 ≤ u ≤ v < 1, then
(55) 0 ≤ Lin
(
v2
)
Lin
(
u2
)− [Lin (uv)]2 ≤ 1
4
Lin
(
v2
)
,
where n is a negative or a positive integer.
Similar inequalities can be stated for hypergeometric functions or for mod-
ified Bessel functions of the first kind, see [4]-[6]. The details are omitted.
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